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Abstract

Branch switching characteristics for coupled flutter and torsional flutter of structural sections are analyzed using step-

by-step (SBS) flutter analysis. In the case of typical coupled flutter instability, prior to the appearance of flutter

instability, the torsional branch (TB) controls the instability; although at certain lower velocity ranges after flutter

onset, the TB and heaving branch (HB) coexist, with sudden switching in particular velocity ranges. In the vicinity of

this velocity range, significant differences in the flutter characteristics are obtained by the conventional complex

eigenvalue analysis (CEV) and the SBS methods, but in some velocity ranges, the two methods show good agreement.

However, for flutter which is dominated by the TB, such as typical torsional flutter instability as for a 2-D rectangular

cylinder with side-ratio B/D of 5 and 1.1 frequency ratio, f j0=f Z0, the flutter characteristics obtained by CEV and SBS

analyses show fairly good agreement at all velocity ranges, where no branch switching is observed.

r 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

With the development of aircraft since the Wright brothers’ first flight in 1903, the flutter instability of wings had

been a topic of research in the field of aeronautics. More recently, problems of flutter instability have been of interest in

civil engineering, in particular the safe design of long span bridges. The problems of steady aerostatic force and

unsteady aerodynamic force on thin plates, thin airfoils and structures have been studied by many scientists and

researchers, including Theodorsen (1935), von Karman and Sears (1938) and Scanlan and Tomko (1971). An

understanding of the mechanism for generation of flutter instability of bluff bodies is required in order to limit the

flutter instability of flexible structures, such as long span bridges. Since the Tacoma Narrows Bridge failure in 1940,

extensive research on flutter stabilization has been conducted, and at the present time the Akashi Kaikyo Bridge in

Japan (main span length l ¼ 1991m, 1998) and the Great Belt East Bridge in Denmark (l ¼ 1624m, 1998) have been

constructed, and even longer span bridges are being planned (e.g., Messina Strait Bridge, Italy, l ¼ 3300m). However,
e front matter r 2005 Elsevier Ltd. All rights reserved.
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some aspects of flutter instability of structures remain to be fully understood, and further research is needed in order for

the next generation of long span bridges to be designed for more effective aerodynamic stabilization.

In this regard, for flutter instabilities of 2-D rectangular cylinders with various side ratios B/D, in the range of 5–20

(B: chord length, D: depth), the first author has previously shown that flutter characteristics change with the side ratio,

B/D, due to the flow field around the cylinder during torsional or heaving vibration (Matsumoto et al., 1997a). In detail,

B/D ratios of 5, 8, 10, 12.5, 15 and 20 change the flutter characteristics, such that the torsional flutter instability occurs

for B/D equal to 5, 8 and 10, while coupled flutter occurs for B=D ¼ 12:5, 15 and 20. The unsteady pressure

characteristics of these cylinders, which are characterized by cylinder torsional/heaving motion, are fundamentally

identical if they are measured in the nondimensional chord-wise coordinate with cylinder depth D, while the maximum

unsteady pressure amplitude is proportional to the relative pitching angle induced by the torsional displacement, j, and
the heaving velocity, dZ=dt. The unsteady pressure amplitude diagrams and the phase difference between body motion

and unsteady pressure diagrams induced by the torsional motion of these cylinders are shown in Fig. 1 (Matsumoto,

1996).

The motion-induced lift and pitching moment can be characterized by integration of the unsteady pressure on the

cylinder’s upper and lower surfaces as the following equations:

For heaving motion:

L ¼

Z 1

�1

1
2
rV2b � ~Cp cosðot�CH Þ

� �
dx,

M ¼

Z 1

�1

1
2
rV2b2 � ~Cp cosðot�CH Þ

� �
xdx, ð1Þ

For torsional motion:

L ¼

Z 1

�1

1
2
rV2bf� ~Cp sinðot�CT Þgdx,

M ¼

Z 1

�1

1
2
rV2b2f� ~Cp sinðot�CT Þgxdx, ð2Þ

where ~Cpis unsteady pressure amplitude, CH and CT are phase lag between heaving/torsional motion and pressure, x is

pressure hole position, r is the air density, b is the half-chord length, and o is the circular frequency.

Therefore, the flutter derivatives proposed by Scanlan and Tomko (1971) can be identified from these

unsteady pressure characteristics. The heaving and torsional two-degree-of-freedom (2-dof) differential equations
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Fig. 1. Unsteady pressure characteristics of 2-D rectangular cylinders (torsional motion).
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are expressed as follows:

m€Zþ CZ _Zþ kZZ ¼
1

2
rð2bÞV2 kH�1

_Z
V
þ kH�2

b _f
V
þ k2H�3fþ k2H�4

Z
b

( )
, (3)

I €fþ Cf
_fþ kff ¼

1

2
rð2b2ÞV2 kA�1

_Z
V
þ kA�2

b _f
V
þ k2A�3fþ k2A�4

Z
b

( )
, (4)

where Z and j are the heaving and torsional displacements, m and I are the mass and mass inertia per unit span length,

H�i and A�i (i ¼ 124) are the flutter derivatives, and k is the reduced frequency (k ¼ bo=V ).

The eight flutter derivatives of these cylinders are shown in Fig. 2. By taking into account that the motion-induced

unsteady pressure, or sequentially the motion-induced unsteady lift and pitching moment, is proportional to the relative

pitching angle, the lift and pitching moment (which are proportional to torsional displacement, j, and heaving velocity,

dZ=dt) can be classified as quasi-steady terms, while the torsional velocity, dj=dt, and heaving displacement, Z, can be

thought of as unsteady terms. In particular, the torsional flutter instability can be generated by A�2 having a positive

value; therefore, the boundary between the torsional flutter and the coupled flutter must exist between B=D ¼ 10 and

12.5, based on A�2 characteristics. The torsional flutter, in consequence, can be classified as unsteady flutter. The positive

or negative A�2 is characterized by the center of gravity position of CpH�2 relative to the mid-chord point of the cylinder.

This means that if the center of gravity is located on the upstream side of the mid-chord point, then A�2 is negative and

coupled flutter occurs; while if the center of gravity is located on the downstream side from the mid-chord point, then

A�2 has a positive value and the torsional flutter instability occurs. Note that A�2 changes smoothly and continuously

from positive to negative with increasing B/D, and there is never a drastic change. However, it should be noted that the

A�1 and A�4 characteristics for a B/D ratio of 5 differs from the characteristics for other B/D ratios. This is due to the

different flow patterns around the oscillating cylinder—in detail, for B=D ¼ 5, the cylinder does not have a stationary

flow-reattachment type of the separated flow from the leading edge. For other B/D ratios, the cylinder has stationary

flow-reattachment, which means that the separated flow from the leading edge always reattaches at any instant. In

Fig. 3, the sensitivity of rectangular cylinders to torsional flutter and coupled flutter for B/D ratios of 5–20 is illustrated,

while Fig. 4 shows the instability of coupled flutter, of cylinders which show coupled flutter instability, such as 2-D

rectangular cylinders with B/D of 12.5–20, as a function of torsional and heaving frequency ratio, f j0=f Z0.
2. Flutter analysis

Currently, the complex eigenvalue analysis (CEV) method is widely used for flutter analysis, to solve for the four

physical values of damping (d), flutter frequency (fF), heaving/torsional amplitude ratio (Z0=j0) and phase difference

between heaving and torsional response (c). These four values are characteristic of the torsional branch (TB) and the

heaving branch (HB), respectively, and are obtained from the eigenvalue analysis by the following equation:

½M�f€zg þ ½C�f_zg þ ½K�fzg ¼ ½A�f_zg þ ½B�fzg, (5)

where

½M� ¼
m 0

0 I

� �
; ½C� ¼

CZ 0

0 Cf

" #
; ½K � ¼

kZ 0

0 kf

" #
; fZg ¼

Z0
f0

( )
elt ¼ fZ0ge

lt,

½A� ¼
rb2oH�1 rb3oH�2

rb3oA�1 rb4oA�2

" #
; ½B� ¼

rb2o2H�4 rb3o2H�3

rb3o2A�4 rb4o2A�3

" #
.

However, it is rather difficult to identify in which branch the coupled flutter instability occurs, if the CEV analysis is

employed. This is because the formula to determine the complex frequencies, l, for TB and HB is symmetric in terms of

torsional and heaving motion, as follows:

l4 þ ð2zfof þ 2zZoZÞl
3
þ 4zfzZofoZ þ o2

f þ o2
Z

� �
l2

þ o2
f þ o2

Z

� �
lþ o2

fo
2
Z

� �
� ðrb2=mÞðrb3=IÞo2

F H�2A�1l
2

� ðrb3=mÞo2
F H�3 þ ðrb2=IÞo2

F A�4
� �

l� ðrb3=mÞo2
F H�3 þ ðrb2=IÞo2

F A�4
� �

¼ 0, ð6Þ
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Fig. 2. Flutter derivatives of 2-D rectangular cylinders.
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where oj=oZ and zj=zZ are the torsional/heaving (circular) frequencies and damping (ratio) at V, respectively, which

are affected by the noncoupled unsteady forces, and oF is flutter frequency.

The step-by-step analysis (SBS) method (Matsumoto et al., 1995, 1997a, b) can be used to clearly differentiate TB and

HB flutter. The TB and HB flutter are determined if the final equation is controlled by the torsional differential

equation of motion or the heaving differential equation of motion during the aerodynamic coupling between torsional

and heaving motion, respectively. It is simply defined by the major controlling forces—that is, if unsteady pitching

moment or unsteady lift is the major controlling force for flutter instability, then the flutter instability is classified as TB

or HB, respectively. Furthermore, by taking into account the relative pitching angle, heaving motion in TB and

torsional motion in HB determine the relative pitching angle, respectively. TB and HB flutter analysis in SBS analysis

can be understood as follows.

2.1. TB flutter analysis

Step1. Torsional system (as initial motion)

Harmonic j motion is assumed with j0i and oji,

f ¼ f0i sinðofitÞ;

coupled terms.

Step2. Heaving system (as forced vibration)

Z response is generated with oji, ðZ0=j0Þi and ci,

€Zþ �
rb2

m
oF H�1

	 

_Zþ o2

Z0 �
rb2

m
o2

F H�4

	 

Z ¼

rb3

m

	 

oF H�2

_fþ
rb3

m

	 

o2

F H�3f;

relative angle caused by Z motion;

self-controlled uncoupled terms.

Step3. Torsional system (as free vibration)

€fþ o2
fif ¼

rb4

I

	 

oF A�2

_fþ
rb4

I

	 

o2

F A�3fþ
rb3

I

	 

oF A�1 _Zþ

rb3

I

	 

o2

F A�4Z;

Z and dZ=dt are replaced by j and dj=dt;

j response is self-controlled with dji+1, oji+1,

dfiþ1 ¼ �XA�2 � XY A�1 H�2
�� �� cos y1 þ A�1 H�3

�� �� cos y2 � A�4 H�2
�� �� sin y1 � A�4 H�3

�� �� sin y2
� �

;

ofiþ1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
o2

f0 � ðX=pÞo
2
F A�3 � ðXY=pÞo2

F A�1 H�2
�� �� sin y1 þ A�1 H�3

�� �� sin y2 þ A�4 H�2
�� �� cos y1 þ A�4 H�3

�� �� cos y2� �q
;
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where

X ¼ p
rb4

I

	 

;Y ¼

ðrb2=mÞ oF=o�Z
� �2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� oF=o�Z

� �2
 �2

þ 4z�2Z oF=o�Z
� �2s ;

oji ¼ oji+1?-if NO, then go to step1

if YES, then

Step4. Determination of flutter characteristic values (oF, dF, Z0=j0, c).

2.2. HB flutter analysis
Step1. Heaving system (as initial motion)

Harmonic Z motion is assumed with Z0i and oZi,

Z ¼ Z0i sinðoZitÞ;
coupled terms.

Step2. Torsional system (as forced vibration)

j response is generated with oZi, ðZ0=j0Þi and cI,

€fþ �
rb4

I
oF A�2

	 

_fþ o2

f0 �
rb4

I
o2

F A�3

	 

f ¼

rb3

I

	 

oF A�1 _Zþ

rb3

I

	 

o2

F A�4Z;

relative angle caused by j motion;

self-controlled uncoupled terms.

Step3. Heaving system (as free vibration)

€Zþ o2
ZiZ ¼

rb2

m

	 

oF H�1 _Zþ

rb2

m

	 

o2

F H�4Zþ
rb3

m

	 

oF H�2

_fþ
rb3

m

	 

o2

F H�3f;

j and dj=dt are replaced by j and dj=dt;

Z response is self-controlled with dZi+1, oZi+1,

dZiþ1 ¼ �XH�1 � XY H�2 A�1
�� �� cos y1 þH�2 A�4

�� �� cos y2 �H�3 A�1
�� �� sin y1 �H�3 A�4

�� �� sin y2
� �

;

oZiþ1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
o2

Z0 � ðX=pÞo
2
F H�4 � ðXY=pÞo2

F H�2 A�1
�� �� sin y1 þH�2 A�4

�� �� sin y2 þH�3 A�1
�� �� cos y1 þH�3 A�4

�� �� cos y2� �q
;

where

X ¼ p
rb2

m

	 

;Y ¼

ðrb4=IÞ oF=o�f
� �2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� oF=o�f

� �2
 �2

þ 4z�2f oF=o�f
� �2s ;

oZi ¼ oZiþ1?-if NO, then go to step1

if YES, then

Step4. Determination of flutter characteristic values (oF, dF, Z0=j0, c).
In this study, a frequency convergence condition was employed with a 10�8 difference in frequency from the former

step. The coupled flutter characteristics of a certain structural girder obtained by CEV analysis and SBS analysis are

compared in Fig. 5. In this figure, the flutter characteristics obtained by two different analyses, CEV and SBS, show

good agreement at all wind velocity ranges. On the other hand, the coupled flutter characteristics of a thin plate are

shown in Fig. 6. In this figure, a drastic difference can be observed at higher velocities, for the point of branch switching.

The SBS analysis shows the branch switching at a particular reduced velocity, at which flutter frequencies due to both

TB and HB by the CEV analysis are shown. Furthermore, if the V–f diagrams for each 1-dof torsional/heaving system

are compared with those of the 2-dof system, as shown in Fig. 6, the two frequency curves cross, similar to those
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Fig. 5. Comparison of coupled flutter characteristics of a certain structural girder obtained by CEV and SBS analyses.
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obtained by SBS analysis but not like those obtained by CEV analysis. The branch characteristics obtained by SBS

analysis can be confirmed by direct measurement of the coupled flutter characteristics, measured by free vibration test in

smooth flow for a rectangular cylinder with a side ratio of 20, as shown in Fig. 7. Then, by comparison with the

characteristics of a 1-dof system, and with free vibration test for a rectangular cylinder with a side ratio of 20, it is seen

that the branch switching, which can be predicted by SBS analysis, can actually occur. However, the solution by CEV

analysis also indicates similar values as those of SBS analysis at lower velocities and at higher velocities, despite the

branch difference. The physical meaning of the solution by CEV analysis at this particular reduced velocity range

should be further investigated in the future.

Therefore, SBS analysis showed that the flutter branch switched from TB to HB for coupled flutter instability before/

after the flutter instability appearance, and the flutter instability is controlled by HB. Based on SBS flutter analysis, the

typical coupled flutter mechanism is illustrated in Fig. 8, by taking the branch switch into account. In particular, it

should be noted that during the flutter branch switch process, coexisting velocity ranges for both TB and HB branches

exist. For TB flutter stabilization, it is known that A�2, A�1 and H�3 control is rather effective (Matsumoto et al., 1997b);

but using this branch switch another flutter stabilization can be proposed, which is by H�1, A�1 and H�3 control. These

three derivatives are quasi-steady terms, which means that HB coupled flutter after flutter occurrence can be classified

as a quasi-steady flutter. Therefore, coupled flutter appears as a branch switch from TB to HB. However, the problem

of torsional flutter as a branch switch remains, because torsional flutter should be substantially controlled by the

unsteady pitching moment. This flutter type is characterized by A�2, as described above, and the positive or negative of

A�2 is determined by the location of the center of gravity of CpH�2 on the upstream or downstream side from the mid-
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chord point. A�2, which has the characteristic of smoothly and continuously changing with B/D, while the flutter branch

switch character is to abruptly change, if the torsional flutter is caused by TB.
3. Flutter branch characteristics of torsional flutter

Based on A�2characteristics for B/D ratios of 5, 8 and 10, rectangular cylinders show a torsional flutter instability in a

torsional 1-dof system. However, the torsional flutter instability level decreases with B/D, as shown in Fig. 3. For

cylinders that show torsional flutter instability, the coupled aerodynamic forces are generated by torsional and heaving

motion, so that the coupled flutter instability may potentially exist, but is masked by torsional flutter instability.

However, if the coupled flutter and the torsional flutter instability are compared from the aerodynamic instability point
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of view, the torsional flutter, in general, must be unstable. On the other hand, if the torsional/heaving frequency ratio,

f j0=f Z0, decreases, for example, from 1.7 to 1.1, then the coupled flutter becomes more unstable. In order to assess the

possibility of a branch switch for a rectangular cylinder undergoing torsional flutter instability, CEV and SBS analyses

were conducted for rectangular cylinders with B/D ratios of 5, 8 and 10, for frequency ratios, f j0=f Z0, of 1.1, 1.3 and

1.7. These analyses were performed for the same values of mass, mass inertia, cylinder dimension and torsional or

heaving frequency. Torsional or heaving damping in still air was assumed as zero, since the fundamental flutter

characteristics can be studied under these particular conditions. For a cylinder with B/D ratio of 5, torsional flutter

occurs by TB for all frequency ratios (i.e., 1.1, 1.3 and 1.7), which is confirmed by the V–d characteristics, but for the

case of a frequency ratio of 1.1, it can be shown that the HB coupled flutter instability appears at high velocities, as

shown in Fig. 9. The flutter characteristics obtained by CEV and SBS analysis almost coincide, despite the branch

difference, even though the SBS result is not obtained at velocity ranges independent of the frequency ratio. On the

other hand, for a cylinder with B/D ratio of 10 and a frequency ratio of 1.1, which is the case most sensitive to coupled

flutter and the most insensitive to torsional flutter among the cylinders studied here, HB flutter appears through SBS

analysis as if the flutter branch switches from TB to HB, which is obtained by CEV analysis at a velocity range of

5–15m/s, as shown in Fig. 10. In this particular case, for the SBS analysis, the TB and HB frequency (f)–velocity (V)

diagrams show the frequency crossing between TB and HB, similar to the coupled flutter case for a thin plate. By

application of the case of the coupled flutter instability mechanism illustrated in Fig. 8, for this particular velocity

range, TB flutter might co-exist with HB flutter. The flutter derivative contribution to HB flutter instability is mainly

due to the absolute value of A�1 and H�3 as shown in Fig. 11. On the other hand, for a cylinder with a B/D ratio of 5, the

HB damping characteristics are mostly characterized by H�1 and the combination of A�4 and the absolute value of H�3,

corresponding to the flutter derivatives of the cylinder, which differ from those of the cylinders with B/D ratios of 8 and

10, described above.
4. Conclusion

The conclusions from this study on flutter branching in torsional flutter instability can be summarized as follows.
(i)
 Using SBS analysis, coupled flutter instability usually occurs by branch switching from the torsional branch (TB)

to the heaving branch (HB), for higher velocity ranges.
(ii)
 The flutter branching characteristics of torsional flutter are, in general, more complicated than those for coupled

flutter.
(iii)
 The flutter characteristics of the TB and the HB obtained by CEV and SBS analyses are fundamentally similar, but

at particular wind velocity ranges they show certain discrepancies.
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(iv)
 The flutter branch characteristics of a cylinder with a B/D ratio of 5 are different from those of B=D ¼ 8 and 10,

because of differences in the flow field.
(v)
 In the case of torsional instability, the flutter branch is fundamentally torsional (TB), while the branch switch from

the TB to the HB can be observed by SBS analysis in the case of a cylinder with a B/D ratio of 10, and a frequency

ratio, f j0=f Z0, of 1.1, which is substantially similar to the coupled flutter branch switch.
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(vi)
 Regarding the contribution of flutter derivatives to the TB and the HB, A�2, A�1 and H�3, and H�1, A�1 and H�3 play

major roles, respectively, for cylinders with B/D ratios of 8 and 10; while, on the other hand, for a cylinder with

B/D ratio of 5 in the HB, H�1, A�4 and H�3 are the dominant variables.
(vii)
 SBS flutter analysis is a useful method for verifying the flutter branch characteristics for torsional flutter

instability.
Lastly, it should be noted that experimental work is needed for comparison with the analytical results by SBS

analysis—in particular for the case of a cylinder with a B/D ratio of 5 and a frequency ratio of 1.1, which would show

the branch switch at lower velocity ranges.
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